In this work we present a theoretical treatment of electron ejection from a clean metallic semi-infinite solid with an ideal orthorhombic Bravais lattice following the impact of moderately fast charged particles with respect to the Fermi momentum of the initially bound electron. For an aluminum semi-infinite solid target multiple differential cross sections have been evaluated using a jellium-type wave function of the undisturbed surface in the initial state. Image-charge final-state electron-surface interactions have been included as well as the scattering of the projectile from the multicenter bulk potential. From a kinematic analysis of the process various ionization mechanisms are inferred and confirmed by the present dynamical model.
I. INTRODUCTION
The pathways for the simultaneous emission of two electrons from atomic and molecular systems upon electron impact ͓hereafter referred to as the (e,2e) process͔ have been investigated thoroughly ͓1-3͔. The complexity of this reaction is already revealed in the simplest case of the lowenergy electron-impact ionization of atomic hydrogen where final-state interactions of the escaping particles strongly modify the observed electron spectra ͓4,5͔. Hence a realistic approximate eigenfunction of the nonseparable three-body Hamiltonian is needed. Although such experiments using thin solid films have been conducted ͓7͔ shortly after their atomic counterpart ͓8,9͔, the study of the dynamics of ionization of solid surfaces upon charged particle impact is still in its infancy. In general, a theoretical description of this process from solid targets has to deal with various aspects of the beam-solid interactions. A charged projectile impinging on a metallic target, which is the subject of this work, leads to a charge-density fluctuation in the solid. Asymptotically, this causes an image-charge distortion of the incoming and outgoing particles ͓6͔. Furthermore, the motion of vacuum electrons is periodically distorted by the interaction with the bulk potential ͓10,11͔. In addition, the electronic beams are attenuated by the incoherent generation of optical phonons. Interactions with acoustic phonons lead to spreading of these beams ͓10,12,13͔. The excitation of collective modes during the collision process poses an additional obstacle for theoretical treatment, in particular if the ionization event takes place in an inner band with simultaneous plasmon generation. The description of the elastic and inelastic multiple-scattering events from the multicenter solid potential is a further complication for theory. The strength of the above-mentioned interactions is very much dependent on the interaction time of the projectile-solid scattering system and hence on the velocity vectors of the incoming and escaping particles. In fact, in a transmission mode (e,2e) scattering from thin films, all above-listed processes can be neglected for high energetic ͑in the keV regime͒ incoming and outgoing electrons under Bethe-ridge kinematics ͓14-16͔. The vacuum electrons are then described by undistorted plane waves. The secondary electron is knocked out by a direct encounter with the projectile, while all other degrees of freedom of the solid remain ''frozen'' ͓17-19,15͔. Under these circumstances the measured cross section can be related to the spectral momentum density of the initially bound electron ͓15,16͔. This fact has been employed for the experimental investigation of the band structure of a variety of solid targets ͑see ͓15,16,20͔ and references therein͒. The corresponding theory ͓21,22͔ deals essentially with the band structure of the solid rather than scattering dynamics. The successful description of the spectral electron-momentum densities underlines the validity of this one-step impulsive plane-wave approximation ͑IPWA͒ in this case. However, even at higher energies, the IPWA breaks down in the reflection mode since in this case, at least, a two-step mechanism is required for the ejection of the electrons. Nevertheless, as shown in Refs. ͓23,24͔, some information on the target band structure can still be extracted from these experiments even at moderate electron energies. With decreasing energies of the vacuum electrons the abovementioned electron-solid interactions become relevant.
A series of (e,2e) measurements from W͑001͒ and LiF have been conducted at energies close to the vacuum threshold and in the normal-incidence, back-reflection geometry. Surprisingly, the qualitative features of the observed spectra coincide with the predictions of a crude kinematic model ͓25-27͔. To explain these experiments sophisticated lowenergy quantum-mechanical calculations have been performed recently ͓28͔.
The aim of this paper is to investigate the dominant mechanisms for the electron ejection from a metallic surface at moderate energies ͑several times the Fermi energy͒. The feasibility of such experiments with sufficient angular and energy resolutions has been demonstrated ͓23,24͔. The fundamental underlying approximation of the present study is the assumption that the degrees of freedom of the projectile can be decoupled from those of the target. This is justified since we assumed the momenta of the incoming and outgoing electron to be considerably larger than the Fermi momentum. In order to obtain analytical results that can be simply analyzed, a jellium wave function of the initially bound electron is assumed. Asymptotic image-charge distortion of the vacuum electron is taken into account. In addition to the binary collision of the projectile with the bound electron, the scattering of the incident particle from the multicenter bulk potential is treated in the kinematic approximation ͓11,30͔. A screened Coulomb muffin-tin bulk potential is adopted. The applicability of the theory is limited to the moderate electrons' energies, which allows us to neglect plasmon and phonon excitations, as described above. Within this model four possible collisional mechanisms for the ejection of electron pairs are identified ͑see Fig. 1͒ . In the first process the projectile is directly transferred into the vacuum after a binary collision with the electron. The electron recoils off the ''background charged'' elastically. In the second process the electron is knocked out into the vacuum following a binary encounter with the projectile, whereas the projectile recoils off the multicenter bulk potential. In the third process the two electrons recoil off the bulk potential after a direct binary scattering. Finally, in the fourth process both electrons are ejected into the vacuum after the projectile recoils off the bulk potential. The theory is formulated for a structureless projectile of an arbitrary mass and charge. However, the assumption of negligible phonon excitation due to the projectile impact becomes questionable for energetic heavy ͑with respect to the ionic core͒ projectiles. Atomic units are used throughout.
II. THEORETICAL FORMULATION
We consider a scattering system consisting of a projectile with charge Z p and mass m p being inelastically scattered from a clean, metallic semi-infinite solid ejecting one electron into a vacuum level of the solid. The total Hamiltonian of the projectile-solid system is
where H e is the Hamiltonian of the semi-infinite solid in the absence of the projectile, W pe is the projectile-ejected electron interaction, and H p describes the projectile-crystal interaction and contains the plasmon and phonon modes and their interaction with the electron. To avoid difficulties associated with infinite-range potentials that lead to scattering even at an infinitely large impact parameter we assume all infiniterange interactions involved in our process to be screened at a large but finite distance. This allows us to define asymptotically unperturbed initial and final channel Hamiltonians H i and H f , respectively. The initial and final-state boundary conditions are specified by eigenstates ͉i͘,͉ f ͘ of H i and
where E i ,E f are the corresponding asymptotic eigenenergies. The transition amplitude T for the scattering system, initially prepared in the ͑asymptotic͒ state ͉i͘, to go over into the asymptotic final state ͉ f ͘ is determined by the prior form
or the post form 
In what follows we confine the treatment to the prior form of the T matrix ͓Eq. ͑4͔͒. Equivalent considerations apply to the post form. The eigenstate ͉⌿ Ϫ ͘ of H can be written as
where the Mo "ller wave operator ⍀ Ϫ is given by
In Eq. ͑9͒ G Ϫ is the resolvent ͑Green operator͒ of the total Hamiltonian H. Combining Eqs. ͑9͒, ͑8͒, and ͑4͒, the T matrix element reads
where
Assuming V i to be a multiple-center potential, the first term of Eq. ͑10͒, T sin , describes the transition of the system from state ͉i͘ to ͉ f ͘ due to a single scattering from each individual scattering center. One-center and multicenter multiple scattering is contained in the matrix element T mult in Eqs. ͑10͒ and ͑12͒ since the Lippmann-Schwinger equation of the total Green operator leads to the expansion
where G 0 ϩ and V are the full free propagator and the total potential of the projectile-solid compound. It should be noted here that the labels sin and mult of the amplitudes T sin and T mult refer to single and multiple scattering specifically from the potential V i . In this study we choose the asymptotic initial state as a noninteracting projectile-solid state, i.e.,
where K p is the kinetic-energy operator of the projectile. Thus, according to Eq. ͑6͒, the perturbation in the initial channel can be written as
The operator W p s stands for the projectile-bulk interaction and its explicit functional form is specified below. The potential W p vac amounts to the asymptotic interaction of the projectile with the solid. As mentioned in the Introduction, we deal with a fast projectile with respect to the Fermi velocity so that projectile-phonon coupling is negligible ͑the motion of the ionic cores is very slow on the time scale of the projectile-solid interaction time͒. For the asymptotic final-channel Hamiltonian the following choice is appropriate:
Here the kinetic-energy operator of the secondary electron is referred to by K e , whereas W e vac amounts to the asymptotic final-state interaction of this electron with the semi-infinite solid. The choice ͑16͒ leads to the final-channel distortion operator
where W e s denotes the short-range interaction of the secondary electron with the surface.
III. STRUCTURE OF THE MULTICENTER SINGLE-SCATTERING AMPLITUDE
Upon substitution of Eq. ͑15͒ into Eq. ͑11͒, the matrix element T sin can be decomposed into
As we are dealing with a metallic semi-infinite solid we adopt a mean-field, one-particle treatment of the initially bound electron in the solid, e.g., a jellium model. Neglecting any corrections due to the finite mass of the solid with respect to m p , we choose a coordinate system in which the x and y directions lie in the surface plane, whereas the z axis is chosen as the normal of the surface pointing into the vacuum. The origin is chosen at the highest occupied electronic band at absolute zero temperature, e.g., at the jellium edge. The amplitudes, given by Eqs. ͑19͒ and ͑20͒, provide ͑in a perturbative sense͒ the first-order approximation to the matrix element T. The term given by Eq. ͑21͒ is less prominent since W p vac is an asymptotic ͑image charge͒ perturbation. In fact, including W p vac in H i ͓Eq. ͑14͔͒ instead of V i ͓Eq. ͑15͔͒ would lead to only a logarithmic phase modification of the plane-wave motion of the projectile. This modification is insignificant for high-velocity projectiles.
In a position-space representation the transition operator occurring in Eq. ͑19͒ has the form W pe ϭϪZ p /͉r p Ϫr e ͉, where r p and r e are the position vectors of the projectile and ionized electron, respectively. In the present model, T pe sin is an estimate for the probability of the direct transition of a delocalized electronic bound state into a vacuum state after a direct projectile-electron encounter. No effect of the periodic structure of the solid is included in Eq. ͑19͒. On the other hand, the transition amplitude T p,s sin ͓Eq. ͑20͔͒ is a measure for the electron-ejection probability due to an initial scattering of the projectile from the periodic potential of the solid and a subsequent projectile-electron collision. The latter encounter is included as a final-state projectile-electron interaction, as can be seen from Eq. ͑16͒. Thus it is comprehensible that the transition amplitude T p,s sin shows some resemblance to the low-energy electron diffraction ͑LEED͒ transition amplitude, as indicated below.
A. Evaluation of T p,s sin
Suppose that in a scattering experiment the final-channel asymptotic vector momenta k p ,k e are simultaneously specified as well as the incident vector momentum k i of the projectile. For simplicity we disregard for the moment the ͑asymptotic͒ image-charge ͑logarithmic phase͒ distortions of the projectile and electron motion in the final state. In the projectile case this is reasonable since we assumed fast scattered particles. Distortions of the electron's motion in the final state due to the ͑asymptotic͒ image-charge field are considered subsequently. Thus, for the moment, we neglect the potential W p vac ,W e vac in Eq. ͑16͒. For a given final-state energy E f , the two-center Hamiltonian H f is exactly separable in the coordinate system R Ϫ R ϩ , where R Ϫ ϭr p Ϫr e and R ϩ ϭr p ϩr e . The asymptotic state ͉ f ͘ reads
where ͉K ϩ ͘ describes the plane-wave motion in the coordinate R ϩ with the conjugate asymptotic momentum K ϩ ϭk p ϩk e and ͉ K Ϫ ͘ satisfies the Lippmann-Schwinger equation (W pe is assumed to be of finite range͒
͑23͒
Here ͉K Ϫ ͘ denotes a plane-wave state vector in the electronprojectile coordinate R Ϫ with the corresponding conjugate momentum
is the electron-projectile reduced mass. In Eq. ͑23͒ g pe ϩ is the full propagator of the projectile-electron relative motion in the potential W pe .
The form of the asymptotic initial-state Hamiltonian H i ͓Eq. ͑14͔͒ implies that ͉i͘ can be expressed as the direct product ͉i͘ϭ͉k i ͘ ͉ k ͘, where ͉k i ͘ describes the free projectile motion with incident momentum k i and ͉ k ͘ is an eigenstate of the solid Hamiltonian H e with initial binding energy ⑀ k . Considering Eq. ͑23͒ and changing the representation to r p r e , Eq. ͑20͒ can therefore be written in the form
͑24͒
In this work we assume that the projectile-bulk periodic scattering potential depends only on r p and its form will be specified below. 
where V i ion is the ionic core potential at the site i and N is the number of ions in the solid. Since we are considering a semiinfinite solid, W p s is periodic in each layer parallel to the xy plane, but not in the z direction. The lattice constants in the x, y, and z directions are d x , d y , and d z , respectively. The jth ion in the lth layer has the coordinates r j,l ϭ(r ʈ, j ,r Ќ,l ). Thus the periodic potential W p s at the position rЈ can be written as
Since W p s is periodic in the x and y directions we can introduce ͓11,30͔ two-dimensional reciprocal vectors g ʈ ϭ2(n x /d x ,n y /d y ),n x ,n y Z, and write W p s at the position rЈ as 
where K:ϭqϪk i and f ϭexp(iq•r e ). Thus the periodicity of the potential in the directions parallel to the surface leads to the Bragg condition g ʈ ϭϪK ʈ . Upon substitution of Eqs. ͑28͒ and ͑30͒ into Eq. ͑31͒ and considering that N ϭ ͚ j exp(Ϫig ʈ •r ʈ, j ), Eq. ͑31͒ can be written in the form
The form factor W p s (K) derives to
where ϭr p Ϫr j . Within a model of nonoverlapping muffin-tin ionic potentials V ion the integration in Eq. ͑33͒ over the unit cell can be extended to the entire x-y plane and we end up with the final expression
͑34͒
In Eq. ͑34͒ Ṽ ion (K) is the Fourier transform of V ion . Here we use for the V ion screened Coulomb potential
The effective parameters Z e f f , e f f account for the screening of the pure ionic field due to the presence of the localized positive cores as well as delocalized electrons ͓30͔.
The initially bound electronic distribution is described by the effective one-body vector ͉ k ͘. An expression for ͉ k ͘ can be derived using the local-density functional method in which the ionic cores are considered as a constant positive ''background charge.'' Finding the many-body eigenstates of H e is then reduced to the iterative self-consistent solution of a one-body problem. Within the jellium model, the resultant effective one-particle potential is replaced by a step potential V 0 at zϭ0. Within the metal volume V the conduction-band electrons are treated as free particles bound to the metal half space zϽ0 by a potential barrier
where ⑀ F is the Fermi energy and W is the work function. The density of states is given by that of the free-electron gas ͑apart from a factor 2 that accounts for the electronic spin states͒ j ϭV/(4 3 ). 
where the functions L j , jϭ0,1,2, are given by Eqs. ͑A21͒-͑A24͒. For the calculations of Eq. ͑40͒ the ionic-site potentials, given by Eq. ͑35͒, and the wave function ͑37͒ for the initially bound electron have been employed. We note here that in the course of the derivation of Eq. ͑40͒ a distinction had to be made between the transmission and reflection mode ͑with respect to the momentum of ejected electron͒. Equation ͑40͒ is valid for reflection mode. The expression of T p,s sin under transmission conditions is easily derived following the procedure outlined in Appendix A ͑in this case and for higher incident energies we have to assume that the electron is ejected from jellium states of the surface opposite the projectile source as shown in Ref. ͓15͔͒. In Eq. ͑40͒ the distortions of the motion of the ionized electron due to image-charge effects have been taken into account. For insu-lating target or fast outgoing electrons these distortions can be switched off by the replacement aϵ0. The periodicity in the x-y plane leads to the Lau-type condition expressed by the two-dimensional ␦ function in Eq. ͑40͒.
B. Discussion of the single-scattering amplitude T pe sin
The amplitude T pe sin , as given by Eq. ͑19͒, describes the ionization process as a direct binary encounter of the projectile with the initially bound electron. As shown in Appendix B, its functional form is derived to 
͑41͒
The free motion of the bound electron in the x-y planes results in the two-dimensional ␦ function in Eq. ͑41͒. As in the case of ionization of atomic and molecular systems, the cross section decreases rapidly ͑proportionally to 1/Q 4 ) with increasing momentum transfer. This is a direct consequence of the assumption that the perturbation leading to the electron ejection possesses the Coulombnic functional form ͑A1͒.
IV. MULTIPLY DIFFERENTIAL CROSS SECTIONS
The multiply differential cross section for the simultaneous detection of the escaping particles with momenta k e ,k p following charged-particle impact is ͓31͔
where v i ϭ͉k i ͉/m p , P f ,P i are the total linear momenta in the final and initial channels, and k core is the momentum absorbed by the solid. Thus the ␦ functions in Eq. ͑42͒ indicate the total momentum and the energy-conservation laws. In Eq. ͑42͒ the symbol ͐ ͚ signifies summation or integration over all nonresolved final-and initial-state quantum numbers. Assuming a ''frozen-core'' approximation, due to which all degrees of freedom of the system except for those of the projectile and the active electron remain unchanged during the ionization process, the total linear momentum in the initial state reduces to P i ϭk i ϩk. The total linear momentum in the final channel is P f ϭk p ϩk e ϩk core . In addition, we deduce E i ϭk i 2 /2m p ϪE k ϪW and E f ϭk p 2 /2m p ϩk e 2 /2. Within these approximations Eq. ͑42͒ simplifies to
Usually ͓7,16,23,25,26͔, the coincidence rate is measured as a function of the energies E e ,E p and the solid angles ⍀ e ,⍀ p of the emitted electron and scattered projectile, respectively. In this case Eq. ͑43͒ reads
Integration over the conduction band Equation ͑44͒ yields, for given values of k i ,k e ,k p , the ionization probability of an initial solid state defined by k. At present, coincident experiments do not resolve these states. Thus an integration over k is necessary:
where (k) is the density of states at the temperature T and F(k,T) is the Fermi distribution. In the jellium model ͓(k)ϭ j ϭV/4 3 ͔ and at Tϭ0, Eq. ͑45͒ simplifies to
͑46͒
For the scattering amplitudes, given by Eqs. ͑19͒ and ͑25͒, the integration over the conduction band can be carried out analytically.
V. NUMERICAL RESULTS AND IONIZATION MECHANISMS
The procedure developed above is applicable to scattering events in the transmission and reflection mode. The explicit formulas ͑40͒ and ͑41͒ for the scattering amplitudes are valid for the case of the reflection mode. In order to apply this method to a particular target the parameters for the projectile-bulk scattering potential ͑35͒ have to be specified as well as the number of atoms N in the semi-infinite solid. The effective parameters e f f and Z e f f , which account for the screening of the projectile-ion interactions due to localized and delocalized electronic states, can be determined from the Thomas-Fermi model ͓32,30͔ e f f ϭͱ 3k F . ͑47͒
In this work we present numerical calculations for an aluminum surface. In this case we obtain e f f ϭ0.886, which is consistent with the assumption of nonoverlapping muffin-tin ionic potentials that has been made in Eqs. ͑27͒ and ͑33͒. For Z e f f we assume full screening by localized electrons, which leads to Z e f f ϭ1. The proportionality of the second-order scattering amplitude ͑40͒ to the number of scattering centers N implies a divergent cross section for an infinite surface. This same problem is encountered in the scattering of thermic neutrons from crystals, in LEED processes ͓11͔, as well as in the treatment of transfer processes of electronic states of a surface into the spectrum of an ionic beam scattered from this surface ͓30͔. The origin of this difficulty is the neglect of crystal-damping effects on propagating beams, e.g., in Eq. ͑26͒ the incoming plane wave ͉k i ͘ is elastically scattered into ͉q͘ under the coherent action of N cores per plane. In LEED reactions this problem is circumvented by estimating the number of cores in the solid illuminated by the incoming beam and relating them to N ͓11͔. In our case we adopt a similar procedure by relating N to the number of ionic cores N cores in a cylinder of radius and height , where refers to the mean free path of the impinging electron beam. This is reasonable since, as remarked above, the divergent N dependence of Eq. ͑40͒ is traced back to the projectile-bulk elastic scattering. We remark here that for a specific experimental geometry the scattering amplitude ͑40͒ does not depend on the parameters N and Z e f f in a dynamical way, i.e., these parameters affect only the magnitude of this amplitude. Nevertheless, in cases where the amplitudes ͑40͒ and ͑19͒ are of the same order, the interference pattern of these amplitudes can sensitively depend on the product NZ e f f .
Ionization mechanisms
For electron-impact ionization of an aluminum surface we calculated the cross section ͑46͒ by performing a numerical summation over g ʈ and l. As stated above, the present theory is applicable at moderate energies of the incoming and outgoing particles ͑only the classical 1/4z image-charge electron-surface interaction is taken into account͒. Classically, the electron emission in the reflection mode is prohibited in a one-step mechanism as described by Eq. ͑19͒. Hence, for k e ,k p ӷk F , where classical arguments are applicable, the contribution to the cross section of Eq. ͑19͒ is negligibly small compared to that of the second-order amplitude ͑40͒.
The possible collisional ionization mechanisms described within this model are schematically depicted in Figs. 1͑a͒-1͑d͒ . In all cases it is assumed that the velocity of the impinging and emitted particles are large with respect to the initial momentum distribution of the electronic solid state. In order to get some insight into the influence of these mechanisms on the spectra of the electrons we analyze Figs. 1͑a͒-1͑d͒ within a simple classical model in which we assume the target electron to be stationary and the bulk potential to act as a structureless reflection mirror in the x-y plane ͑due to the Lau condition parallel to the surface͒. Subsequently we look at the prediction of this simplified picture in light of the full quantum-mechanical calculations. Classically, the case shown in Fig. 1͑a͒ means that the projectile is directly scattered into the vacuum after an inelastic binary encounter with the delocalized electron and escape with momentum k p . This electron is then elastically reflected from the bulk and emerges into the vacuum with momentum k e . Within the full quantum-mechanical model, the latter interaction is facilitated by the initial-state binding. Within the classical model assumed above, this mechanism leads to a peak structure in the angular distribution of the continuum particles at p ϭ i Ϫarctank p /k e , e ϭϪ i Ϫarctank p /k e , e Ϫ p ϭ0, as can be deduced from simple kinematic consideration of Fig.  1͑a͒ . The appearance of the peak at the classically predicted position is endorsed by the full quantum calculations as demonstrated in Fig. 2͑a͒ . Since the projectile suffers relatively small momentum loss, the magnitude of the cross section is quite sizable. The classical model predicts a ␦-function distribution at the position marked by the arrow in Fig. 2͑a͒ . The broadness of the peak ͓Fig. 2͑a͔͒ predicted by the model presented in the previous sections is related to the electronic initial momentum distribution.
The classical mechanism displayed in Fig. 1͑b͒ corresponds to the quantum-mechanical picture where the delocalized electronic state is directly transferred into a vacuum state following an inelastic collision with the projectile. As in a LEED process, the scattered projectile is then refracted from the bulk potential ͑35͒. This process is described by the amplitude ͑40͒. In contrast, the single-scattering amplitude ͑41͒ does not contain any projectile scattering from the bulk. Our simplified classical model yields for the mechanism displayed in Fig. 1͑b͒ a ␦-function structure in the angular distribution of the emerging particles at p ϭϪ i Ϫarctank e /k p , e ϭ i Ϫarctank p /k e , e Ϫ p ϭ0. The occurrence of this peak is nicely confirmed by the full quantummechanical model ͓Fig. 2͑b͔͒ with the initial momentum distribution of the secondary electron being reflected in the shape of the peak in Fig. 2͑b͒ . Due to the much larger momentum transfer, the cross section depicted in Fig. 2͑b͒ is markedly smaller than that of Fig. 2͑a͒ .
In the classical case sketched in Fig. 1͑c͒ both the electron and the projectile are reflected from the bulk potential after a binary ͑isolated͒ encounter. Quantum mechanically, this process is facilitated by the scattering amplitude ͑40͒ only. The classical kinematic conditions, under which this reaction shows up in the angular distribution, are given by p ϭarctank e /k p ϩϪ i , e ϭarctank p /k e Ϫϩ i , e Ϫ p ϭ Ϯ. A comparison of the quantum model with those predictions is shown in Fig. 2͑c͒ . Since the electron, whose angular distribution is shown in Fig. 2͑c͒ , is much faster than the cases of Figs. 2͑a͒ and 2͑b͒, the peak at p Ϸ50.5°is much sharper. This is due to the fact that the initial momentum distribution of the secondary electron is almost negligible with respect to k p , i.e., during the interaction time the initially bound electron appears to be stationary from the viewpoint of the fast scattered electron.
The last classical kinematics discussed here is that of Fig.  1͑d͒ , where the projectile is mirror reflected from the bulk. Subsequently, the electron and the projectile are directly transferred into vacuum levels following an isolated binary scattering. Within the model discussed in the previous sections, this process is described by the scattering amplitude ͑40͒. From the simple classical picture it is anticipated that the cross section reveals a ␦-function structure at e ϭarctank p /k e ϩϪ i , p ϭarctank e /k p Ϫϩ i , e ϭ0, p ϭ. This is confirmed by the quantum model ͓Fig. 2͑c͔͒; however, the peaks are quite shallow and clearly shifted from the classically predicted position. This is a consequence of the high momentum transfer to the crystal and the relatively low velocity of the escaping particles as compared to the Fermi velocity. The same process depicted in Fig. 1͑c͒ has been proposed previously in Refs. ͓25-27͔ to describe the observed spectra of two electrons simultaneously emitted following electron impact upon a clean tungsten surface. We repeated the calculations shown in Fig. 2 for a tungsten surface. Structures similar to those in Fig. 2 ͑even more pronounced͒ have been observed. The application of the present model to the experiments presented in Refs. ͓25-27͔, how-ever, is questionable since these experiments have been conducted at quite low energies, whereas the present model and the kinematic arguments are valid only at momenta of the vacuum particles that are much larger than the Fermi momentum. At higher energies, the influence of this mechanism on the cross section is clearly seen in Fig. 2͑c͒ .
Generally, the processes sketched in Figs. 1͑a͒ and 1͑b͒ are most likely to dominate in the grazing incidence direction. This conclusion relies upon the fact that, in grazing incidence, the traveling distance of the projectile before reaching the bulk is much larger than in the case of normal incidence geometry. In fact, further numerical investigations ͓33͔ using an Al surface show that the dominant contribution to the (e,2e) cross section as reported in Ref. ͓23͔ is due to the mechanism depicted in Fig. 1͑a͒ .
As evident from Figs. 2͑a͒-2͑d͒, the final-state imagecharge interaction enhances the coincidence rate. This is due to the fact that a scattering from the ionic core is essential in the reflection geometry. This scattering can occur, however, via a final-state image-charge interaction with the solid. All calculations shown in Figs. 2͑a͒-2͑d͒ have been performed using a coherent sum of the transition amplitudes ͑40͒ and ͑41͒. The sum over g ʈ ,l is rapidly convergent. In fact, it turned out that by far the significant contribution to the scat-FIG. 2. Angular distributions of electrons ejected from a semi-infinite aluminum solid upon electron impact. In cases ͑a͒-͑c͒ the impact energy is chosen as E i ϭ518 eV with respect to the vacuum threshold. The ejected electron escapes with an energy E e ϭ60 eV, whereas the scattered one emerges with an energy E p ϭ453 eV. The vectors k i , k e , and k p are chosen to lie in the same (x,z) plane. ͑a͒ The scattering geometry is i ϭ100°, p ϭ80°, and i ϭ p ϭ e ϭ0°. The cross section is scanned as function of e . ͑b͒ Same as in ͑a͒, but p ϭ60°. ͑c͒ Same as in ͑a͒, but i ϭ150°, e ϭ40°, i ϭ p ϭ0°, and e ϭ180°. ͑d͒ We choose E i ϭ418 eV, E p ϭ302 eV, and E e ϭ110 eV. In addition, i ϭ178°, p ϭ29°, i ϭ e ϭ0°, and p ϭ180°. The solid curves correspond to an antisymmetrized product of the final-state wave function ͑39͒ with image-charge distortions of the escaping particles being neglected, whereas these distortions are taken into account in the calculations shown by the dotted curves. In all figures the arrows indicate the positions of the peaks as predicted by the kinematics of the processes depicted in Figs. 1͑a͒-1͑d͒ ͑see the text for details͒.
tering amplitudes is provided by scattering from the first and, in some cases, from the second l layers.
VI. CONCLUSION
In this work a theoretical description of the scattering of fast ͑with respect to the Fermi velocity͒ charge particles from a clean metallic semi-infinite solid has been presented. For semi-infinite aluminum solid, calculations of the multiple differential cross section have been performed using a jellium initial-state wave function of the surface. A final-state electron-surface image-charge interaction has been included in its asymptotic form. LEED scattering of the incident electron from the periodic bulk potential has also been included. From a kinematic analysis four different ionization mechanisms have been deduced and confirmed by the full dynamical model.
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APPENDIX A: ANALYTICAL EVALUATION OF T p,s sin
To derive an expression for the scattering amplitude ͑25͒ we perform in this appendix the integrals involved in Eqs. ͑25͒ and ͑26͒. The initially undisturbed electronic solid state is described by the wave function given by Eq. ͑37͒. 
